INEQUALITIES FOR THE POLAR DERIVATIVE OF A POLYNOMIAL 

N. A. RATHER AND SUHAIL GULZAR 



Abstract. Let P(z) be a polynomial of degree n and for any real or complex number 
a, let D a P(z) — nP(z) + (a — z)P'(z) denote the polar derivative with respect to a. 
In this paper, we obtain generalizations of some inequalities for the polar derivative of a 
polynomial. 



1. Introduction and statement of results 

Let P(z) be a polynomial of degree n, then 

(1.1) Max \P'(z)\ < nMax \P(z)\ . 

|*|=i |*|=i 

Inequality (II. ip is an immediate consequence of S. Bernstein's Theorem on the derivative 
of a trigonometric polynomial (for reference, see [SJ p. 531], [10, p. 508] or [11]) and the 
result is best possible with equality holding for the polynomial P(z) = az 11 , a / 0. 

If we restrict ourselves to the class of polynomials having no zero in |^| < 1, then 
inequality (II. ip can be replaced by 

Tl 

(1.2) Max \P\z)\ < -Max \P{z)\ . 

\z\=i 2 |*|=i 

Inequality ( II. 2p was conjectured by Erdos and later verified by Lax [6]. The result is sharp 
and equality holds for P(z) = az 11 + b, \a\ = \b\. 

For the class polynomials having all zeros in \z\ < 1, it was proved by Turan [T2] that 

(1.3) Max \P'(z) I > -Max \P(z) I . 
v ' |*|=i 1 v 71 - 2 |*|=i 1 v ;| 

The inequality ( II. 3p is best possible and become equality for polynomial P(z) — (z + l) n . 
As an extension of (11.21) and (ll.3p Malik [7] proved that if P(z) ^ in \z\ < k where k > 1, 
then 

Tl 

(1.4) Max \P'(z)\ < -Max \P(z)\ , 

|*|=i 1 + k |z|=i 
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where as if P(z) has all its zeros in \z\ < k where k < 1, then 

11 

(1.5) Max\P'{z)\> -Max\P(z)\. 

\z\=i 1 + k \z\=i 

Let D a P(z) denotes the polar derivative of the polynomial P(z) of degree n with respect 
to the point a, then 

D a P{z) = nP{z) + (a - z)P'(z). 

The polynomial D a P(z) is a polynomial of degree at most n — 1 and it generalizes the 
ordinary derivative in the sense that 



Lim 

a— too 



D„P(z) 



a 



P'iz). 



Now corresponding to a given n* h degree polynomial P(z), we construct a sequence of polar 
derivatives 

D ai P(z) = nP(z) + (ai - *)P'(z) = 

P ) a s Da 3 ^ 1 ■ ■ ■ D a2 D ai P(z) = {n-s + l) {Da,,-! ■ ■ ■ D a2 D ai P(z)} 

+ (a s - z) {D as _ x ■ ■ ■ D a2 D ai P(z)}' . 

The points aii, a 2 , • • ■ , a s , s — 1, 2, • • • , n, may be equal or unequal complex numbers. The 
s <?i polar derivative D as D ag l ■ ■ ■ D a2 D ai P(z) of P(z) is a polynomial of degree at most 
n — s. For 

P j (z) = D a .D aj _ 1 .--D aa D ai P(z), 

we have 

Pj{z) = {n-j + l)iV-i(z) + (a, - J = 1, 2, • • • , s, 

Po(z) = P(z). 

A. Aziz [2] extended the inequality (11.21) to the s th polar derivative by proving if P(z) 
is a polynomial of degree n not vanishing in \z\ < 1, then for |z| > 1 

(1.6) |,D Qs • • -D ai P(z)\ < <n-l)---{n-s + l) ^ ^ n _ s| + ^ ^jp^^ 

where [ofj | > 1, for j = 1, 2, • • • , s. The result is best possible and equality holds for the 
polynomial P(z) = (z n + l)/2. 
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As a refinement of inequality (jl.fip . Aziz and Wali Mohammad [5] proved if P(z) is a 
polynomial of degree n not vanishing in \z\ < 1, then for \z\ > 1 

|D Qs • • -D ai P(z)\ < <n-l)---{n-s + l) < ^ n _ s| + 

(1.7) - (laj-'-a^"-*! - 1) }Mm|P(z)| 

where \aj\ > 1, for j = 1, 2, • • • , s. The result is best possible and equality holds for the 
polynomial P(z) = (z n + l)/2. 



In this paper, we shall obtain several inequalities concerning the polar derivative of a 
polynomial and thereby obtain compact generalizations of inequalities (jl.6p and ( II. 7p . 



We first prove following result from which certain interesting results follow as special 
cases. 

Theorem 1.1. If F(z) be a polynomial of degree n having all its zeros in the disk \z\ < k 
where k < 1, and P(z) is a polynomial of degree n such that 

\P(z)\ < \F(z)\ for \z\ = k, 

then for G C with \oij\ > k, \/3\ < I, j = 1, 2, • • ■ ,s and \z\ > 1, 

(1.8) ;\Pj :i ■ ) — P(z) < 



;i + ky 



z'F^-B^^j 



[i + ky 



where 



(1.9) n s = n(n - 1) • • • (n - s + 1) & A s = (|«i| - fc)(|a 2 | - k) ■ ■ ■ (\a s \ - k). 

If we choose F(z) = z n M/k n , where M = Max\ z \ = k \P{z)\ in Theorem II. If we get the 
following result. 

Corollary 1.2. IfP(z) be a polynomial of degree n, then for aj, (3 6 C with \otj\ > k, \(3\ < 
1; j = 1, 2, • • • , s and \z\ > 1, 



;i.io) 



z s P s (z)+f3^±-P<:) 



[l + k) 

where n s and A s are given by (11.91) 



< 



n. z 



ai<y 2 ■ ■ ■a s + (3 



A, 



(i + ky 



Max \P{z)\, 

\z\=k 



If «i = ct2 = ■ ■ ■ = oc s = a, then dividing both sides of ( ll.lOp by \a\ s and letting 
\a\ — > oo, we obtain the following result. 
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Corollary 1.3. If P(z) be a polynomial of degree n then for (3 G C with \(3\ < 1, and 
\z\ > 1, 



:i.ir 



z s P {s \z) + (3- 



1 + k) 



-P(z) 



< 



nJz\ 



1 + 



P 



(i + ky 



Max \P(z)\ , 

\z\=k 



where n s is given by (11.91) . 



Again, if we take a± = a 2 = ■ ■ ■ = a s = a, then divide both sides of (11.81) by |a| s and 
letting | a | — > oo, we obtain the following result. 

Corollary 1.4. If F(z) be a polynomial of degree n having all its zeros in the disk \z\ < k 
where k < 1, and P(z) is a polynomial of degree n such that 

\P(z)\ < \F(z)\ for \z\ = k, 



then for (3 G C with \/3\ < 1, and \z\ > 1, 



(1.12) 



where n s is given by (11.9 



z s P {s \z) + 13- 



l + k) 



< 



z s F (s \z) + 13- 



If we choose P{z) = mz n /k, where m = Min\ z \ = ^\F{z)\, in Theorem 11.11 we get the 
following result. 

Corollary 1.5. If F(z) be a polynomial of degree n having all its zeros in the disk \z\ < k 
where k < 1, then for atj, (3 G C with \aj\ > k, \(3\ < 1, where j = 1, 2, • • • , s and \z\ > I, 



1.13) 



z s FJz)+(3- 



n„A s 



F z) 



[l + k) 

where n s and A s are given by (ll.9p . 



> 



n s \z\ 
k n 



aia 2 ■ ■ ■ a s + 



[i + k Y 



Min\F(z) 

\z\=k 



Remark 1.6. For (3 = and k = I, we get the result due to Aziz and Wali Mohammad 
[5J Theorem 1]. 

Again, if we take a± = a 2 = • • ■ = a s = a, then divide both sides of f l 1 . 1 3 j) by |a| s and 
letting \a\ — > oo, we obtain the following result. 

Corollary 1.7. If F(z) be a polynomial of degree n having all its zeros in the disk \z\ < k 
where k < I, then for (3 G C with \(3\ < I, and \z\ > 1, 



(1.14) 



z s F {s) (z) + 



(3n s 



[l + k) 



-F(z) 



> 



n, z 



k' 



1 + 



P 



(i + ky 



Min\F(z)\, 

\z\=k 



where n s is given by ( jL9J) . 

For s = 1, and «i = a in Theorem 11.11 we get the following result: 
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Corollary 1.8. If F(z) be a polynomial of degree n having all its zeros in the disk \z\ < k 
where k < 1, and P(z) is a polynomial n such that 

\P(z)\ < \F(z)\ for \z\ = k, 

then for a, (3 G C with \a\ > k, \/3\ < 1, and \z\ > 1, 



zD a P(z) + nfi ( ) P(z) 



< 



zD a F{z) + nfi ( ^L_^ ) F{z) 



Theorem 1.9. IfP(z) is a polynomial of degree n, which does not vanish in the disk \z\ < k 
where k < 1, then for or, a 2 , ■ • • , a s , {3 € C with \ai\ > k, \a 2 \ > k, ■ ■ • , \a s \ > k, \(3\ < 1 
and \z\ > 1 then 



(i + ky 



(1.15) 



«1«2 • • • Q! s + 



(1 + fc) 4 



+ 



(i + ky 



2 [ fc n 

where n s and A s are given by (11.91) . 

Remark 1.10. If we take = and k = 1, we get inequality (11.61) 



Moa:|P(z)|, 
l*l=* 



We next prove the following refinement of Theorem 11.91 

Theorem 1.11. If P(z) is a polynomial of degree n and does not vanish in the disk \z\ < k 
where k < 1, then for or, a 2 , ■ ■ ■ , a s , (3 G C with \a>i\ > k, \a 2 \ > k, ■ ■ ■ , \a s \ > k, \(3\ < 1 
and \z\ > 1, we have 



~ 2 



k" 



(i + ky 



ct\Ct 2 ■ ■ ■ a s + (3 



A, 



(1.16) 



ai«2 ■ • ■ Oi s + /3 



(1 + k) 
A, 



(i + ky 



z s + {3 



(1 + k) 
A x 



Max\P(z) 

\z\=k 



(i + ky 



Min\P(z)\ 

I \z\=k 



where n s and A s are given by (ll.9p . 



If we take a± = a 2 = ■ ■ ■ = a s = a, then divide both sides of (jl.8p by |a| s and letting 
\a\ — > oo, we obtain the following result. 
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Corollary 1.12. If P(z) is a polynomial of degree n, which does not vanish in the disk 
\z\ < k where k < 1, then for j3 G C with \/3\ < 1 and \z\ > 1 then 



z s P {s \z) + B 



(1 + k) 



< n £ _ 
~ 2 



k 1 



1 + 



P 



(1.17) 

where n s is given by (II. 9p . 



1 + 



(1 + k) 

P 



+ 



P 



(i + ky 



(i + k) 

P 



Max\P(z)\ 

\z\=k 



(i + ky 



Min\P(z) 



For s = 1 in Corollary I1.12[ we get the following result. 



Corollary 1.13. If P(z) is a polynomial of degree n, which does not vanish in the disk 
\z\ < k where k < 1, then for (3 G C with \a\ > k, \P\ < 1 and \z\ > 1 then 



nB 

zP'(z) + Y^Ptz) 



< 



n 



1 + 



P 



(1.18) 



1 + k 

P 





p 


+ 


1 + k 



] 



Max\P(z)\ 



1 + k 



P 



1 + k 



. Min\P(z) 



For P — 0, Theorem 11.111 reduces to the following result. 



Corollary 1.14. If P(z) is a polynomial of degree n, which does not vanish in the disk 
\z\ < k where k < 1, then for atx, «2, • • ■ , ot s , B G C with \a\\ > fc, |ct2 1 > ^, ■ 
k, \P\ < 1 o^c? |^| > 1 ^/ien 



led > 



Ps(z) < 



|ai«2 • • • a 8 \ + 1 > Max\P(z) 



(1.19) 



A" 



«1«2 ' ' ' Ot s 



Min\P(z)\ 
) kl=* 



where n s is given by (JTT9J) • 

Remark 1.15. For = 1, inequality fll . 19j) reduces to ( II. 7J . 

If we take a± = a 2 = ■ ■ ■ = a s = a, then divide both sides of (jl.8p by |a| s and letting 
| at | — > oo, we obtain the following result. 

Corollary 1.16. If P(z) is a polynomial of degree n, which does not vanish in the disk 
\z\ < k where k < 1, then for ax, a>2, ■ ■ ■ , a s , B G C with \ai\ > fe, local > k, ■ • • , \a s \ > 
k, \P\ < 1 and \z\ > 1 then 

(i.2o) |i*) W |<2^"-<»-' + 1 >M" 



2^ 



Max\P(z)\ - Min\P(z) 

\z\=k \z\=k 
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If s = 1 and a\ = a then inequality (jl.lfip reduces to the following result. 

Corollary 1.17. If P(z) is a polynomial of degree n, which does not vanish in the disk 
\z\ < k where k < 1, then for a,/J 6 C with \a\ > k, < 1 and \z\ > 1 then 

zPJ'iz) I n I | - - | PC.) 



n 
< - 
~ 2 



1 

k n 



1.21) 



a + (3 
a + 



1 + k 

a\ — k 



1 + k 
a\ — k 



1 + k 



+ z s + (3 
z s + f3 



a\ — k 
1 + k 

a\ — k 



1 + k 



Max\P(z) 

|z|=fc' 



Mm|P(^)| 

|a|=fc 



2. Lemmas 



For the proof of Theorems, we need the following Lemmas. The first Lemma follows by 
repeated application of Laguerre's theorem [1] or[8l p. 52]. 

Lemma 2.1. // all the zeros of nth degree polynomial lie in circular region C and if none 
of the points a%, cx.2, • • • ,<y s lie in circular region C , then each of the polar derivatives 

(2.1) 

has all its zeros in C. 



D as D as _ 1 ---D ai P{z) = P s {z), 



1,2, ••• ,n-l 



The next Lemma is due to Aziz and Rather [3]. 

Lemma 2.2. If P(z) is a polynomial of degree n, having all zeros in the closed disk \z\ < k, 
k < 1, then for every real or complex number a with \a\ > k and \z\ = 1, we have 

\a\ — k s 



(2.2) 



D a P(z) > n 



P z). 



1 + k 

Lemma 2.3. IfP(z) = X]j=o a i z ^ ^ s a polynomial of degree n having all its zeros in \z\ < k, 
k < 1 then 

1 



(2.3) 



n 



Q>n-1 



< k. 



The above lemma follows by taking /i = 1 in the result due to Aziz and Rather [1]. 

Lemma 2.4. If P(z) be a polynomial of degree n having all zeros in the disk \z\ < k where 
k < 1, then for cti, 0:2, • • ■ , a s G C with \a.\\ > k, |a 2 | > k, ■ ■ ■ , |a s | > k, (1 < s < n), and 
\z\ = 1 

n x A f 



(2.4) 



P, z) > 



;i + ky 



where n s and A s are defined in (11. 9p . 
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Proof. The result is trivial if \aij\ = k for at least one j where j = 1, 2, • • • , t. Therefore, we 
assume \atj\ > k for all j = 1, 2, • • • , t. We shall prove Lemma by principle of mathematical 
induction. For t = 1 the result is follows by Lemma 12.21 

We assume that the result is true for t — q, which means that for \z\ = 1, we have 



(2.5) 



p z ) > q a " 



\P{z)\ q>h 



and we will prove that the Lemma is true for t = q + 1 also. 

Since D ai P(z) = {na n a\ + a n -\)z n ~ x + • • • + (nao + a\ai) and \a\\ > k, D ai P(z) is a 
polynomial of degree n — 1. If this is not true, then 



na n ai + a n _i = 0, 



which implies 

By Lemma [2 .3[ we have 



1 

n 



1 n 



d n -l 



< k. 



But this is the contradiction to the fact |a| > k. Hence, D ai P(z) is a polynomial of degree 
Ti — 1 and by Lemma \2. 11 D ai P(z) has all its zeros in \z\ < k. By the similar argument as 
before, D a2 D ai P(z) must be a polynomial of degree n — 2 for |oti| > k, [oc^l > k and all 
its zeros in \z\ < k. Continuing in this way, we conclude D aq D aq _ x ■ ■ ■ D ai P(z) = P q (z) is 
a polynomial of degree n — q for all |<x, | > k, j = 1, 2, . . . , q and has all zeros in \z\ < k. 
Applying Lemma l2~2l to P q {z), we get for \a q+ i\ > k, 



(2.6) 



|iW«(*)l> 



(n - g)(|a 



9+H 



k) 



l + fe 



-P g (^)| for 1^1 



Inequality f !2.6p in conjunction with (I2.5p gives for \z 

n q+lA aq+1 



(2.7) 



P(z) 



- (i + Jfe)«+i 1 

where n g+ i = n(n — 1) • • • (n — q) and A aq+1 = (\ai\ — fc) ( | CK2 j — k) • ■ ■ (|« g +i| — k). 

This shows that the result is true for s = q + 1 also. This completes the proof of Lemma 

1531 □ 



Lemma 2.5. If P(z) be a polynomial of degree n, then for a\, (X2, ■ • ■ ,a s £ 
k, Ict2 1 > k, ■ 



with |«i| > 



\a s \ > k, (1 < t < n), \/3\ < 1 and \z\ > 1, 



-P z) 



(2.8) 



<n. 



k n 



l + k} 
a±a 2 ■ ■ - a s + 



±k n 
/3A S 



z s Q s (z/k 2 )+P 



n c A e 



(1 + A;)- 



: Q(z/k 2 



[i + ky 



+ 



z s + 



0A S 



i + ky 



Max\P(z) 
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where n s and A s are defined in (II. 9p and Q(z) = z n P(l/z). 

Proof. Let M = Max\P(z)\. Therefore, for every A with |A| > 1, \P(z)\ < \\Mz n /k n \ on 

\z\=k 

\z\ = k. By Rouche's theorem it follows that all the zeros of F(z) = P(z) + XMz n /k n lie in 
\z\ < k. If G(z) = z n F(l/z) then \k n G(z/k 2 )\ = \F(z)\ for \z\ = k and hence for any 5 with 
\8\ > 1, the polynomial H(z) = k n G(z/k 2 ) + 8F(z) has all its zeros in \z\ < k. By applying 
Lemma [2.41 to H(z), we have for a±, «2, • • • , ot s £ C with > k, \ai2\ > k, ■ ■ ■ , \a s \ > k, 
(1 < t < n), 

n A 

\z a H„(z)\ > ,'' ?^ \H{z)\ for \z\ = 1. 



Therefore, for any (3 with 



Since |ot,-| > k, j = 1,2, 



(1 + k) 
< 1 and \z\ = 1, we have 

n.A 



(i + ky 



\H(z)\. 



s by Lemma \2. II the polynomial z s H s (z) has all its zeros in 



|z| < 1 and by Rouche's theorem, the polynomial 

T(z) = z s H 3 (z)+(3- 



n.A. 



(1 + A;) 4 

has all its zeros in \z\ < 1. Replacing .ff"(z) by k n G(z/k 2 ) + 8F(z), we conclude that the 
polynomial 



T(z) = fc n ^ z s G s (z/k') + 



(3n s A s 



-G(z/k 2 



(1 + kY 

has all its zero in \z\ < 1. This gives for \(3\ < 1, |<x/| > k, where j — 1, 2, • • ■ , i and |z| > 1. 

/3n s A s 



(2.9) 



fc n 



< 



z s FJz) + 



(1 + k) 



;F(z) 



If inequality (12. 9p is not true, then there is a point z with |z | > 1 such that 
k" 



z°G s (z /k 2 ) + P^G(z /k^ 



(1 + k) 
ie in \z 

follows that the polynomial z s F s (z) + 



> 



4F s (z ) + P^hF(z ) 



(i + ky 



Since all the zeros of F(z) lie in \z\ < k, proceeding similarly as in case of H(z), it 

s -F(z) has all its zeros in \z\ < 1, and hence 



z s F s (z ) + 



(3n s A s 
(1 + k} 



(i + ky 



-F(zq) 7^ 0. Now, choosing 
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then S is a well-defined real or complex number, with \S\ > 1 and T(zq) = 0, which 
contradicts the fact that T(z) has all zeros in \z\ < 1. Thus, (12. 9p holds. Now, replacing 
F(z) by P(z) + \Mz n /k n and G(z) by Q(z) + \M/k n in ([23]), we have for \z\ > 1, 



k n 



z s Q s (z/k 2 ) + 



(3n s A s 



(2.10) 



< 



1 + 

(3n s A 



Q{z/k 2 ) + 



z s + 



M 



;P{z) + \ aia 2 ■ ■ ■ a s + 



[1 + ky v ~ y ' k n ~ s ' (1 + kY 

Choosing the argument of A in the right hand side of (I2.10p such that 



Mz r 



(i + ky 



k< 



(i + ky 



Mz r 



ai«2 • • • a s + 



1 + fc) 4 



Mz n 



Z S P S (Z) + J!^±P(2) 



[i + ky 



which is possible by Corollary II .2\ then for \z\ > 1, we have 

+ k n 



z s P s (z) + J^4^Pi:) 



(2.11) 



< lAln, 



;i + ao« 



1 + 

/3A, 



Making |A| — > 1 and using the continuity for = 1 and |<x, | = k, where j = 1, 2, • • • , £, in 
dZJH , we get the inequality (T2~8]) . 



3. Proof of Theorems 



□ 



Proof of Theorem 11.11 By hypothesis F(z) is a polynomial of degree n having all in 
zeros in the closed disk \z\ < k and P(z) is a polynomial of degree n such that 



(3.1) 



\P(z)\ < \F(z)\ for \z\ = k, 



therefore, if F(z) has a zero of multiplicity s at z = ke l9 °, then P(z) has a zero of multiplic- 
ity at least s at z = ke tB °. If P(z)/F(z) is a constant, then inequality (13. ip is obvious. We 
now assume that P(z)/F(z) is not a constant, so that by the maximum modulus principle, 
it follows that 



\P(z)\ < \F(z)\ for \z\ > k . 
Suppose F(z) has m zeros on \z\ = k where < m < n, so that we can write 



F(z) = F 1 (z)F 2 (z) 
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where F\(z) is a polynomial of degree m whose all zeros lie on \z\ = k and F 2 (z) is a 
polynomial of degree exactly n — m having all its zeros in \z\ < k. This implies with the 
help of inequality ( 13. ip that 



P{z) = P 1 {z)F 1 {z) 

where P\(z) is a polynomial of degree at most n — m. Again, from inequality (13. ip . we 
have 

\Pi{z)\ < \F 2 {z)\ for \z\ = k 

where F 2 (z) ^ for \z\ = k. Therefore for every real or complex number A with |A| > 1, 
a direct application of Rouche's theorem shows that the zeros of the polynomial P\{z) — 
XF 2 (z) of degree n — m > 1 lie in \z\ < k hence the polynomial 

G{z) = F l {z) (P 1 (z) - XF 2 (z)) = P{z) - XF(z) 

has all its zeros in \z\ < k. Therefore for r > 1, all the zeros of G(rz) lie in \z\ < k/r < k 
By applying Lemma [2.41 to the polynomial G(rz), then for \z\ = 1, we have 

\z s GJrz)\ > , n ' A ' \G(rz)\. 

Equivalently for \z\ = 1, we have 

n A 

(3.2) \z a P.(rz) - \z s F 3 {rz)\ > 8 ' \P(rz) - XF(rz)\. 

[1 + K) 

Therefore, we have for any (3 with \/3\ < 1 and \z\ = 1, 

ii A 

(3.3) \z s P s {rz) - Xz s F s (rz)\ > —J^-\p\\P(rz) - XF(rz)\. 
Since \acj\ > k, j = 1, 2, • • • , t by Rouche's theorem, the polynomial 

77 A 

T(rz) = {z s P s {rz) - Xz s F s (rz)} + j^-^P {P(rz) - XF(rz)} 

(1 + k) s 

= * S Psirz) + <^P(rz) - A [z*F s (rz) + ^^F{rz) 
has all zeros in \z\ < 1. This implies for \z\ > 1 

(3.4) \SP.(rz) + j^P{rz)\ < \z°F s {rz) + ^^ s F{rz)\ 

If it is true, then we have for some z with \zq\ > k, 

n A 8 n A 8 

(3.5) \4P s (rz ) + _i-|Lp(rzo)| > \z s F s (rz ) + _l-^-F(rzb)| 
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Since ZqP^tzq) + 



n s A s /3 

(1 + ky 



P(rzo) 7^ 0, we can choose 



A 



z s F s (rz ) + ^fy F ( rz o) 
z^P s (rz ) + J^— S — P(rz ) 



(1 + k) 

A is well-defined real or complex number with |A| < 1 and with this choice of A, and 
T(rz ) = for \zo\ > k. But this is a contradiction to the fact that T{rz) ^ for \z\ > 1. 
Thus (13. 4p holds. Letting r — >■ 1, in ( I3.4p . we get the desired result. □ 



Proof of Theorem 11.91 Let Q(z) = z n P(l/~z). Since P(z) does not vanish in the disk 
\z\ < k, k < 1, then the polynomial Q(z/k 2 ) has all zeros in \z\ < k. Applying Theorem ll.il 
to k n Q(z/k 2 ) and noting that \P(z)\ = \k n Q(z/k 2 )\ for \z\ = k, we have for all (Xj,/3 G C 
with |aj | > 1, j = 1, 2, • • • , t, \j3\ < 1, and \z\ > 1, 



(3.6) 



^g,(zA 2 ) + /3 



n.,A. s 



(1 + A;)- 



: g(z/^ 2 



Inequality (13. 6 p in conjunction with Lemma I2T51 gives for all aj,(3 G C with \aj\ > k, 
j = 1,2, •■■ ,t |/3| < 1, and |^| > 1, 

z s P s (z)+P 7 ^-P^ 



< 



z s P s (z) + (5 



(1 + ky 
n x A R 



< n s 



(1 + k) 
ai«2 • • • ol s + 



P(z) 



(i + ky 



z s Q s (z/k 2 ) + (3 



n.A. 



(1 + A;)' 



-Q{z/k' 



(i + ky 



Max\P{z)\, 

\z\=k 



which is equivalent to (I1.15p . 



□ 



Proof of Theorem 11.111 Let m = Min\ z \=k\P(z)\. If P(z) has a zero on \z\ = k, then 
m = and result follows from Theorem 11.91 Therefore, We assume that P(z) has all 
its zeros in \z\ > k where k < 1 so that m > 0. Now for every A with |A| < 1, it 
follows by Rouche's theorem that h(z) = P(z) — Am does not vanish in \z\ < k. Let 
g(z) = z n h(l/~z) = z n P(l/~z) — Xmz n = Q(z) — \mz n then, the polynomial g(z/k 2 ) has all 
its zeros in |z| < k. As \k n g(z/k 2 )\ = \h(z) \ for \z\ = k, applying Theorem II. II to k n g(z/k 2 ), 
we get for a±, a 2 , • • ■ , a s , G C, with \aj\ > k, j — 1, 2, • • • , t 



< 1 and \z\ > 1, 



(3.7) 



z s g s (z/k 2 ) + ^^y s g(z/k 2 ) 



SOME INEQUALITIES FOR POLAR DERIVATIVES 

Equivalently for \z\ > 1, we have 
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z s P s (z) + 



(3n s A s 



(3.8) 



< k r 



-P(z) - \n s <j z 

(3n s A 



/3A S 



(l + k) s v ' s [ (1 + *) 

z s Q s (z/k 2 ) + 



(i + ky 



Q(z/k 2 ) - 



An, 



k 2r, 



(X\OL2 • • • 0£ a + 



(i + ky 



mz 



Since Q(z/k 2 ) has all its zeros in \z\ < k and k n Min\Q(z/k 2 )\ = Min\P(z)\, by Corollary 

z|=fc \z\=k 



11.51 applied to Q(z/k 2 ), we have for \z\ > 1, 



^(,A 2 ) + /3^^ 7 g(,A 2 ) 



> — 



(3.9) 



fc 2n 
fc 2n 



ct\Ct2 ■ ■ ■ a s + ■ 

ai«2 • • • oc s + 
aia2 • • • a s + 



Ms 



(i + ky 

Ms 



(i + ky 

Ms 



Min\Q{z)\ 

\z\=k 



Min\P(z)\ 

\z\=k 



m. 



(i + ky 

Now, choosing the argument of A on the right hand side of inequality (13. 8 p such that 



z s Q s {z/k 2 ) + 



/3n s A s 

(i + ky 



: Q(z/k 2 ) - 



U2n 



(X\OL2 • • • Ot a + 



0A S 



(i + ky 



mz 



z s Q s (z/k 2 ) + 0±.Q(z/k 2 ) 



\X\n s 



k" 



Ms , „ 
aia2 '" a * + (i + k y ^" 



which is possible by inequality (13. 9p . we get for \z\ > 1, 



k" 



(i + ky 



z s Q s {z/k 2 ) + 



- |A|n, 



z s + 



M, 



(i + ky 



m 



l3n s A s 
(1 + k) 



:Q{z/k 2 ) 



\z\ n n s 



Ol\OL2 • • • oi s + 



M* 



(i + ky 



m, 



Letting A — > 1, we have for \z\ > 1, 



Z 8 P S (Z) + -i^P(z) 



(i + ky 



k n 



z s Q s (z/k 2 ) + p^-Q(z/k 2 ] 



(3.10) 



< n. 



z s + 



Ms 

(i + ky 



k n 



a\a 2 • • • a s + 



(l + k) 



(i + ky 



m 
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Adding and f lXTUj) . we get for \z\ > 1 



z s P s (z) + 



(3n s A s 



-P(z) 









n s 


[1 








k n 



+ 



,2 s + 



1 + 

aia.2 ■ ■ ■ a s + 
0A 



;i + ky 



(i + 

ai«2 • • • a g + 



;i + ky 



Max\P(z) 

\z\=k 



(3A S 



[l + k) 



-mz 



m 



which is equivalent to f l 1 . 1 6 j) . This completes the proof of Theorem 11.111 
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